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Abstract: The problem of pricing options in financial engineering is discussed. Under the assumption 
that underlying assets have some jumps with stochastic amplitudes, the paper presents the 
insurance actuary price for a power option through the fair premium law. First, consider- 
ing that the market information and its influence on prices of risk assets is stochastic, a 
jump-diffusion model with stochastic jump-size is introduced as a risky-asset price process. 
Second, a price formula for a power option is derived by using the properties of Poisson 
distributions and the total expectation formula. In the formula, fair price for options is 
given as a series. Therefore, investors can compute it easily and better manage the price 
risk. 
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1 Introduction 


An option is an right, but not an obligation, to buy (sell) some underlying assets at a pre- 
scribed price (i.e. striking price). As an efficient risk-management instrument, options play 
an important role in current financial markets. Pricing options is one of the most important 
problems in financial engineering and mathematical finance. Models and methods for pricing 
are the keys to the problem. There are two classical pricing methods. The first is no-arbitrage 
replicate pricing. Black and Scholes!!], and Merton”! relied on an ingenious no-arbitrage ar- 
gument to price an option on a stock when the interest rate is constant and the stock price 
follows a geometric Brownian process. They presented a self-financing, dynamic trading strat- 
egy between the bond and stock accounts that replicates the payoff of the option. They then 
argued that the absence of arbitrage dictates that the option price is equal to the cost of setting 
up the replicating portfolio. The appeal of the argument lies in its reliance on the absence of 
arbitrage and existence of the replicating portfolio. Thus the argument should not be used in 
incomplete markets in which the no-arbitrage replicating portfolio does not always exist. The 
second approach is the martingale method. This approach consists of writing the value of the 
security as the expected value of the discounted payoff under an equivalent martingale measure 
and calculating this expectation using probabilistic methods. Although the martingale method 
is widely used to price derivatives today, it also has its drawbacks. When there is arbitrage 
(opportunity) in financial markets, the method is invalid because there is not any equivalent 
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martingale measure. When the market is incomplete, there are infinite martingale prices, which 
all are no-arbitrage, because there are infinite equivalent martingale measures. In the latter, 
how to determine a trade price is also a complex problem. Bladt and Ryderg!®! introduced 
a insurance actuary pricing method through fair premium law. They proved in Black-Scholes 
model the celebrated Black-Scholes formula from view of insurance actuary. Subsequently the 
pricing method is widely applied in pricing options. Yan and Liu'4) considered insurance ac- 
tuary and presented a explicit price formula in the case where the amplitudes of jumps are 
supposed to be deterministic time-function. But in real financial markets, amplitudes of jumps 
on stock price, which are affected by market information, always are stochastic. But in the 
model above the fact that jump amplitudes of risky assets are always not deterministic and 
should be stochastic for change in market information didn’t be considered. Now finance trade 
is so active in financial markets that all kinds of options arise one after another. Options pay 
important roles in financial risk management. Power options are a class of European options. 
Because of its bigger elastic payoff than that of other options, power options get more and more 
attention from market investors and are widely applied for risk management. Thus pricing for 
power options plays an important role in financial risk analysis. In the present paper we sup- 
pose the stock price process admits a jump-diffusion model. This paper then studies insurance 
actuary pricing problem in the market where risky asset price admits a jump-diffusion process. 
Compared with the authors above, here the amplitudes of jumps are not deterministic but 
stochastic (admit a distribution). A price formula for a power option is deduced by using the 
properties of Poisson distributions and total expectation formula tactically. One highlight is 
that it can be computed and approximated easily and facilitate estimating option price, which 


is very important in financial practice. 


2 Market model 


Consider a continuous-time financial market in [0,7]. It can be described by a filtered 
complete probability space {Q, F, Fy, P}. {Fi}o<icr is a natural o-filtration generated by a 
Brownian motion W; and a Poisson process N, (also suppose that {Fi }o<+<r satisfies usual 
hypotheses). We denote by {F:}o<t<r the valid market information that investors can know up 
to time t. We consider a market with two traded assets: a riskless money market account B1 
with instant yield r; and a risky asset. We assume that the price S of the risky asset satisfies 
the following stochastic differential equation 


dS; = Sı- (udt + oid W; + yeJtd M4), (1) 


where So is deterministic, W; is a standard Brownian motion; N; is an (F;, P)-Poisson jump 
process, independent of W;, with deterministic and bounded intensity \; > 0; Ut, Ct, Ye are 
deterministic and bounded functions of t, J; are independent, identically distributed random 
variables (i.i.d. in short). 

In this paper, we assume that y = y is a constant, J; admits two-point distribution 


P{J, = u} =p, 
Pisa Sip 


(2) 
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We also assume yu, yd > —1 (by this, we ensure that the asset price is positive). 

Remark i [n real financial markets, there always exist some large jumps in risky assets 
when significant new information or catastrophic events arise. Between two jumps risky asset 
price fluctuates smoothly. The kind of price change can be characterized by jump-diffusion 
models perfectly. The jump induced by significant new information or catastrophic events is 
characterized by N+. The smooth fluctuation of risky asset price can be modeled by a Browian 
motion W;. Since jump-size is always related to all kinds of market information, it should 
be stochastic. Many existed papers!*5) are concerned the model with deterministic jump-size 
which obviously cannot capture actual jumps of asset price. The assumption that jump-size 
admits two-point distribution improves the shortcoming in some sense. 


3 Pricing power options by insurance actuary method 


3.1 Insurance actuary method for pricing 

It is well known that martingale method is not suitable for arbitrage markets and that 
there are infinite martingale prices in an incomplete market. To overcome these disadvantages, 
Bladt and Rydberg!*! introduced the notion of insurance actuary price. The problem of pricing 
options is changed to the problem of insure through fair premium law. The basic conception is 
“buy a option, counterpart (i.e. option writer) will undertake some risk before expiration time 
of the option. If he wishes to insure against the risk, the premium is the fair price of the option, 
that is the value of options is measured in term of the risk that the counterpart will undertake”. 
In the paper we adopt the notion of insurance actuary price in Bladt and Rydberg!!, Xiongl®l, 
the key point is that risky asset price is discounted by expected yield and that risk-free asset 
is discounted by risk-free compounded rate of interest and that we calculate expectation under 
real-life probability. 

Definition 1 Let the price process of risky asset is S;, Ee is said to be expected yield 
of S, on [0, t]. Obviously, if 3s is the instant compounded expected yield of S+, then 


on( fade) = 282. 


Definition 2 Let that underlying asset is S and that H(Sr, K) is a European option with 
striking price K and terminative time T. Define the insurance actuary price V of H(S7,K) as 


V=E [u(ex (> f d.ds)Srexn (— f reds)x)] (3) 


where (3, is the instant compounded expected yield of S+, r, is the risk-free instant compounded 
rate of interest. 

Remark 2 Compared with martingale method, insurance actuary pricing method works 
under the conditions that risky asset (risk-free asset) price is discounted by expected payoff 
yield (risk-free compounded rate of interest) and that we calculate expectation under the real- 
life probability. 

3.2 Insurance actuary price of a power option 
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A power option is an European option and its terminative payoff is (S% — K)*+. According 
insurance actuary pricing method, insurance actuary price of the power option can be denoted 


Cm #2 [((e (- f Bas)sr) -o0 (— f rats) x"), (a) 


For computing insurance actuary price of a power option, we start with calculating the 


T 
eee = exp(- | Beds ). 


Theorem 1 With the model assumptions (1) and (2), the expected yield on [0, T] of the 
risky asset S; is 


as 


expected yield 


E(S Š 
Hi = exp (ve f (As + us)ds ). (5) 
Proof From the Doleans-Dade stochastic exponential formulal®! we have 
Nr T F 
= 1 2 
Sr = sll (1 +YyJn)exp [j (us — 502) ds | x exp (f osdW,). (6) 


Consequently, the total expectation formula yields the following result 
Nr 


e(Jfo +a) = e [e(a +w ine)] =$ (Ta +r) P= 


1 1 n=l 


exp ( - f: Asds) exp { ie Asds[1 + 7E(Jn)] } 
exp [yE(Jn) is Asds] = exp (7 up [ Ads), 


the fourth equality holds because J, is i.i.d.. 
Thus 


Nr T a 
Aa = B{LLa+rnem[f (u -303)as] xew aaw)} 


exp ç up [ A,ds + a usds) = exp (7 up l. (As + us)ds) = £, 


the last equality holds because 
t t 
1 
exp [ caw. — f —o7ds 
LU , 37eds| 


is a martingale (see [5] for detail). 
Since the jump-size of stock price is stochastic, we need the following lemma to compute 


lI 


I 


option price. 
Lemma 1 Let c, b are constant 


P= =1, P(Va=b)=0, Gr=}_ Vn. 
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Let that N! is independent of N? and that N!, N? admit Poisson distributions with parameters 
pio Asds and (1 — p) i Ads, respectively. Then law (M+) = law (cN1 + bN?). 
Proof Let Ln satisfies 


P(Ln = 1) =p, 
P(Ln=0)=1-p. 
Then 
Nr Nr 
Gr =}_ Va =cNr + (b-c) Ln = cN? +bN?. (7) 
n=1 n=l 


Nr 
Recall that >> Ln admits a Poisson distributions with parameters (1 — p) i Asds, so that 
n=l 
Lemma 4 holds. y 
Corollary 1 > In(1 + yJn) and In(1+yu)N1+1n(1+~d)N? admit the same distributions. 


n= 
Theorem 2 Let &(-) denotes the standard normal distribution function. With the model 
assumptions (1) and (2), the insurance actuary price of a power option can be denoted as 


T ( T yas) hi the ks (1 — p)k 
Cy = >D Chiske exp ( -{ rede) Lo Aete) ene ky, k2 € N, (8) 
kı,k2 
where 
2 2 2 T 
kukac ipa a (or) + 2a (mr +alor) -D\ _ -f mr —1 
cH a pre (MEAP Rg (ime tele? =D) seam (— frat) (M2) 


T 
1 
Mr = In So + In(1 + yu)kı + In(1 + yd)kz +f (us 7 502)ds, 
0 


T T 
ee [f° (o.)2dt; i= ot 
0 


Proof By equality (6), we have 


NT T T 
1 
In Sr = In So + > In(1 + yn) + (us — 502) ds + o,dW2. 
0 0 


n=1 


N 
Recall Corollary 1: S ln(1 + yJn) and In(1 + yu) N? + In(1 + yd) N? admit the same dis- 
n=1 


tributions, so 
T 1 T 
In Sr = In Sp + In(1 + yu)N? +m +a? + f (us — 02) as + f o,dW2. 
0 0 
Let 
T T 
Mr = In So + In(1 + yu)kı + In(1 + yd)kz + J (us E 503) ds, or = [ (o5)2dt. 
0 0 


Consequently, when N! = ki, N? = ko, we have 


in Sr ~ N(Mr, (or)’), (9) 
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where N (a,b) denotes a normal distribution with mean a and variance b. 


Write Cm as C**2 when N! = ki, N? = kz, then 


che = B[((exn(- f pods) sr)" ex (- | 


E [(65r)°14 -ep (— f rads) Kia |N: = kı, N? = ka], 
0 


“nds) K)” |N! =k, N? = ka] 


where 


A= {(8Sr) > exp (~ | reds)x} 


Ink — T rds — 3 x 
ih Eee {In Sr > Ll}. 


= {in Sp > 


By (9), we have 


E |(8Sr)"14|N* = ki, N? = kp] 
= B°E [exp(aln Sr)la | N? = kı, N? = ky] 


1 (x — mr)? 


= af [exp(az) Jones exp ( = Ser iS 
= exp (Cee | 1 exp [( = (x —(mr + sory) Jae 


2 V2ror 2(or)? 


I 


Boxe (ce + 20) (me + elor = 2), 


[exp (— f rads) Kla |N! = ki, N? = hy] 
0 

T 
=exp(- f reds) KE [14 | N? = kı, N? = ka] 


T 
TRER ( -f rsds)KE [Jan sp>1 |N! = kı, N? = ko] 


2 


T 
=Kexp(- f rads) J sez lew (- F) 


T> 


oT 


= Kexp ( = f| raj N; 
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Recall the law of iterated expectation, then 


B[((ex(— f Ads)Sr)* -e0 (— f rods))"] 


= $ oh! P(N! = kı, N? = ka) 
ky, k 


Cm 


= >> ch P(N! = ky) P(N? = ka) 
kiko 


Ge dsds)* +k pki (1 2 p)*2 


T 
5 Chi ke exp ( = Asds) ky! ka! 


kı,k2 


II 


The proof is completed. 

Remark 3 In the case a = 1, the insurance actuary price of an European call options is 
given by Theorem 6. 

Remark 4 In the case y = 0, we get the insurance actuary price of a power option in the 
B-S model. It coincide with martingale price and is arbitrage-free price. 

Remark 5 Compared with usual price formula, option price is given as an infinity sum 
and not as an integrable with respect to an abstract measure in the price formula. Thus we 
can compute price for options easily, which is very important in practice and is the highlight of 


the price formula. 


4 Conclusions 


Pricing options is an important issue in mathematical finance. Recently, some scholars made 
some useful work such as [7-9]. This paper discusses the problem of pricing power options by 
insurance actuary method. We improve the drawback (jump-size is deterministic) in the existed 
paper on asset pricing through presenting a jump-diffusion model with stochastic jump-size. A 
pricing formula is given by using the properties of Poisson and total expectation formula. In 
practice investors can estimate coefficients ot, uz, y+ from historical data. Then the value of 
options can be determined by inserting them into pricing formula. The price is important 
reference to investors in buying and/or selling options. It is important to point out the pricing 
method and strategy of change in this paper can be extend to pricing other European options 
and exotic options. 
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